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FINITE ELEMENT METHOD lI
Autumn 2015

Lectures (15h):

1. Accuracy, error estimation and adaptive remeshing

2. Heat flow and thermal stresses in FEM

3. Introduction to structural dynamics, free vibrations

4. Nonlinear problems in mechanics of structures - basic numerical techniques
5. Orthotropic materials and composite structures

6. Parametric modeling and design optimization

Computer lab (15h):
Modeling simple problems of: thermal stresses, contact mechanics, plasticity and residual stresses, free vibrations,
buckling, parametric modeling
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[8] Bijak-Zochowski M., Jaworski A., Krzesski G., Zagrajek T.Mechanika Materiatow i Konstrukgjifom 2, Warszawa, Of.
Wyd. PW, 2014

Assessment based on the final test and the resubf computer lab work
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FINITE ELEMENT METHOD

Real object

1. ACCURACY OF FE ANALYSIS.
ERROR ESTIMATION AND ADAPTIVE REMESHING

—D Real result w,

material properties, laws of physics

47 geometry, boundary (initial) conditions

Methematical model
(continuous)

discretization
approximation

Discrete
model

%n umerical calculations

Numerical result - w,

Exact solution

> of the mathematical model W,

Exact solution of the

‘D discrete model Wy

g, =w,—w, —modeling error,
g, =w,-w, —discretization error
g, =w,-w, —numerical error

Total error:

E SEHELHE W, ~W,

The most effective FEM analysis:
83 ~8d ~8n

Approximate methods — flow chart
(valid also for other methods e.g. Boundary ElemMethod - BEM and Finite Differences Method -¥P




FEM Il - Lecture 1 Page 3 of 14

Modeling error &

Depends on the accuracy of the available informatio about the problem and knowledge of the analyst L — 2D — 3D models, linear,
nonlinear, assumed simplifications, reliable infornation concerning material properties, loads.)

The example — wooden board
Different models for the poblem

Mathematical model:

4%# Py Py by vt ;é¢ qo[m] 1,2, 3 dimensional

sproperties of wood: isotropic-orthotropic, moist
dry, homogenous-inhomogeneous, rate dependéent-
rate-independent)

N scontact interaction model (friction)
[m] *loadings

two- dimensional njpdel - plate

[ I S A S N A — Po
)é#%#%%%%%%%%%%//

three dimensionalgnodel — solid volume

A I E b
s o/ [N]
T T 7 7 7 7 17 7 7 7 7 717 vg“'\%ﬁs
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Discretization error &g

Depends on the mesh density, types of the elemersisape functions, the shapes of the finite
elements

A Solution wy

SESEm== S e ——————— = e =
N I e \ R * Exact solution w,
*
l * Discrete golution wy
I -
. 186398 50 150 250 400
25 100 200 300 No. of DOF s
FE mesh and von Mises stress distribution Discselution versus exact solution of the contusugroblem

There are some mathematical convergence requiremeriEA concerning the mesh, shape functionsyales of FE model
building.
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Numerical error g,

[Kl{a} ={F},

[K+oK][{q+oq ={F+3F  — ””q‘ﬁ“ <[kl

(H FH H[JK]HJ
(R
condition number of the matrix K
cond([ K]) =

Norm of a matrix (vector)— a measure of magnitude
L,- Euclidean norms

1
2

Vector norm ol =(Z(Q)ZJ :

NP

Matrix norm H[K]H =(ZZ(K1 )ZJ (matrix norm induced by the vector norm)
joi

Max norms (L_norms)

= vl [Kll=ma{ 3k

A problem with a Ismall condition number is saidbwell-conditioned, while a problem with a high condition numberasdisto beill-conditioned.

cond(K) 1 cond(K)=1 - problem well-conditioned cond(K )» 1 - problem ill-conditioned
Reasons of ill-conditioning of the problems in REess analysis — great differences between st§foé&E elements, unstable boundary conditions
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The example(ill conditioned problem):

The solution:

The result:

{Cb
0,

}

2

F,
For changed force vector : {F }
3

/’{q/}"

{

The example of the very small perturbation

_ {0.999
] -1.0

-0.00
—-0.002

oq,
oq,

—1=0.70710° =

cond( K) = 4.1C°

o

|od]

[

—-0.00
—-0.00

= 141
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First equation

_Katks o _ B
0; = K mz L
2 K
Second equation A
F
— 3
0;=0q, + k_ O
B
System ill-conditioned if
btk 4
kB
K, 0 Q1
ke 02
_katkg _
Sensitivity to the slop change t9a, = ks tga, =1

v

Ka<<Kg system ill conditioned '

o))

Round-off error
As a general rule, if the condition number cdf)d¢ 10, then you may lose up to maximukdigits of accuracy during the solution of the systof
linear equations. However, the condition numbegsdaot give the exact value of the maximum inacgutldat may occur in the algorithm.

r = p -log,, (cond([ K]))

p — number of significant digits in the computgpnessentation of numbers

r — number of significant digits of the result

In FE models  cond(K) reaches®10
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A posteriori error approximation techniques

Element and nodal solution in FE program postpremess (PLESOL, PLNSOL in ANSYS)
FE solution provides the continuous displacemiefd { from element to element), and the discardirs stress field.
To obtain smooth stress distribution, the avemqginthe stresses in the nodes is perform{@tbdal stressgs

Power Gr aphi ct EFACET=1
EFACET=1 AVRES=Mat
DVX =. 086853 DX =. 086853
SWN =-14. 333 SMN = 10. 372
SMX =370. 25
SMX =379. 111 210,372
mm 14333 BT
B 29383 B 7aan ' ' I
— 73.099 = 116. 502
m 116. 815 = 158. 793
= 160. 531 — 201. 085
[ 204.247 ] 243.376
247.963 285. 667
L1 %e1 679 = 327.959
= 335. 395 870.25
379.111
JUN 11 2008 AN JUN 11 2008
00:32: 13 00: 32: 37
PLOT NO. PLOT NO. 6
ELEMENT SOLUI NCDAL SOLUTI ON
STEP=1 STEP=1
SUB =1 SUB =1
TI ME=1 TI ME=1
Y% SY (AVG)
RSYS=0 RSYS=0
Power Gr aphi ¢ Power Gr aphi cs
EFACET=1 EFACET=1
DVX =. 025111 AVRES=Mat
SWN =116. 884 DMX =. 025111
SMX =379. 111 SWN =116. 884
- 116. 884 SMX =370. 25
.75 le7 - 0
— 204. 293 - 173. 188
— 233. 429 = 201. 339
= 262. 566 = 229‘ 491
£ 261 702 | :
O [ 257.643
= 320.838 [ 285.795
mm 349 975 [ 313946
379. 111 B 342008
370. 25

Rectangular plate with a hole under tension. Tloelehof the quarter of the structure. The stressponent,
Discontinuous ,element solution” (left) and a®&ged continuous “ nodal solution” (right). Shwede triangular plane elements
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Basic relations between displacements, strainssses and strain energy within finite elementsrghations discussed during FEM | lectures)

Displacement field over the element is interpoldtedh the nodal displacements:
{u} =[N(x v 2] { §., where{g},- nodal displacements vectoiN] - shape functions matrix.

For example for the simplest triangular elemenh\8inodes and 6 DOF the re ii ﬁ D ﬁ

:ll LWE=3 LWE=6 LWE=4 LWE=8
{u(x.y)}{Nl(xy) 0 N, (% y) 0 N(x Y 0 } ul | W
u(X, ) 0 N, (X, ) 0 N, (% Y) 0 N(x Y |v, -V
u3
U3

& £ 6 3

Shape functions N are usually polynomials defined in local (elem@oordinate systems.

where N are the linear functions

Displacements, strains and stresses within eachegleare defined as the functions of the nodallatgments

{u} = [N]{d..

{e}=[R{4 =[R[N{d.=[ B{ %.. [B]- strain-displacement matrix,[R] -gradient matrix
{0} = [D]{¢} =[D][B]{d}..

The strain energy of the elemégis:

u.=2flelobdn, U,

Q

Jlallerel (8 (¢, @, U.=lal[K.{d.

N |-

K], = [[8] [D][8] &

Qe

where e ighe stiffness matrix of the element(symmetrical, singular, semi-positive defined)
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Averaged stress vecto
at node n _

{o} =% {a}. /k

( k=6)

continous
stress vector at node n of element i

N1

Q88

{a},=1 " {d},#{d},#{d}, = -

yz

NN

ﬁ
N

XZ ) n

k .
3},
— i=1
averaged stress vector at node n:{U}n =

k
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av

Stress error vector at node n of elemient{Ad} ={d} -{o}

n

The stress error vectcﬁﬂa}i within the element ' i’ may be determined by slard approximation using the stress error

. |
vectors at nodes of element{iAd} . Strain energy of the element i
1 i i
U, __ILUJ {g} dQ,
ZQi
Then for each element so called energy error castimated {£} =[D] 1{ o}, D] — stress-strain matrix
1 . -1 _
e==||Aoc||D| {Aog}' dQ, (ETABLE-SERR) 1 a1 A
| = —
2:'2“ Il Had Ui ZILJJ[D] {o} dQ
' o}
JUN 11 2008 JUN 11 2008
10: 49: 02 10: 49: 26
PLOT NO. 1 PLOT NO. 2
ELEMENT SOLUTI ON ELEMENT SCLUTI ON
STEP=1 STEP=1
SUB =1 SuUB =1
TI ME=1 TI ME=1
SERR ( NOAVG) SDSG (NOAVG)
=. 086853 DVX =. 086853

SWMN =. 320E- 08 SWN =. 00959
SMX =. 962E- 03 SMX =1(2)Og§g

. 320E- 08 .
= . 107E- 03 = 1. 367
O . 214E-03 | 2.724
. . 321E- 03 . 4.081
m . 427E-03 m 5.438
] . 534E- 03 — 6. 795
] . 641E- 03 o 8. 152
] - 748E-03 0= 9509
| . 855E- 03 m 10. 866

. 962E- 03 12.223

Z_X

Initial mesh. SERR and SDSG error distribution
SDSG - 40; = maximum absolute value of any componer{iml’f}'n :{0}'n —{O'}iv for all nodes connected to element
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The energy error over the model

| el

e=Ze
i=1

The energy error can be normalized against thenstreergy

e \2
SEPC= 10@ j
U+e
U — total strain energy over the entire model
SEPC — percentage error in energy norm

The g values can be used for adaptive mesh refinentdmasibeen shown that ifie equal for all elements, then the model using

the given number of elements is the most effictard.

This concept is also referred to as “error equalilon” (¢ = const, SEP& ).
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Adaptive Meshing Techniques

- Automatic refinement of FE meshes until convdrgesults are obtained
- User’s responsibility reduced to generation adymitial mesh

START

v

Initial mesh

[

IF
(e —e/N)/(e/N )<epsl
SEPC<eps2

‘ YES

END

NO

5% (AV
RSYS=0

DMX =. 086851
SWN =-11.174
SMNB=- 14. 773

SMX =374. 04
SMXB=375. 198
-11.174

: - 31.628

Mesh refinement [ 74, 429
(different mesh = 117. 231
generation techniques mm 160.033
] 202.834
] 245.636
o 288.437
mm 331 239

374. 04

Z_X Z_X

Final FE mesh and the results - Sy distributigrerdentage error in
energy normSEPC=0.8124, uniform error distribution & const)
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Selective adaptive meshing

If mesh discretization error (measured as a peagents relatively unimportant in some regionshaf inodel, the procedure may be speed up by
excluding such regions from the adaptive meshirggaions. Also - near singularities caused by cotnated loadsind_at boundaries between
different materials

FIxeda egge ‘
T4 B B L W B =
TEEH PR B o
il LY MG Rt
i i : : I RS S SN AEEa ! - : -
Selective adaptive meshing
(@) Initial Mesh (b) Mesh obtained with all areas in ANSYS
selected-- note excessive mesh

density near concentrated |oad
and constraints.

1 15 ( .5.2) A6
\-\.

(c) Unselect areas 5 and 6 {d) Mesh obtained with areas
prior toinitiating ADAPT 5 and § unselected

Types of refinement in adaptive meshing :

h-refinementreduction of the size of the elementt’(‘refers to the typical size of the elements)
p-refinementincrease of the order of the polynomials on @amelnt (shape functions from linear to quadratic.) et
r-refinement re-arrangement of the nodes in the mesh

hp-refinementcombination of the h- and p-refinements.



